Abstract. We make a survey over results involving the concepts thick and w * -thick set and provide a lot of known such sets. We show that the long standing "separable quotient problem" and a problem from function theory are closely connected to thickness. (2000): Primary: 46B20.
Definitions and general results. Kadets and Fonf
defined a set in a Banach space to be thin if it can be represented as a countable non-decreasing union of non-norming sets. (A set in a Banach space is said to be non-norming if its closed absolutely convex hull does not contain any ball centered at the origin.) As in [N1] and [N2] , let us say that a set is thick if it is not thin. One has the following "omnibus-theorem" describing thick sets (here recall that T : Y → X Tauberian means (T * * ) −1 (X) ⊂ Y and note that for Tauberian operators T B Y is closed in X): Theorem 1.1. Let A be a subset of a Banach space X. The following assertions are equivalent.
(a) The set A is thick. (b) Whenever a family of continuous linear operators from the space X to some Banach space is pointwise bounded on A, then this family is norm bounded. (c) Whenever a sequence of functionals in the dual space X * is pointwise bounded on A, then this sequence is norm bounded. (d) Whenever Y is a Banach space and T : Y → X is a continuous linear operator such that T Y ⊃ A, then T Y = X. (e) Whenever Y is a Banach space and T : Y → X is a continuous linear Tauberian injection with T * * also a Tauberian injection, such that T Y ⊃ A, then T Y = X.
(f) The span of A is dense and barrelled. 
By the pointwise boundedness A = ∪ n A n , an increasing, countable union. Since A is thick, for some m there is a δ > 0 such that the absolute convex hull A m of A m contains δB X . In other words (1/δ)A m contains B X . Now
so Γ is bounded by m/δ. Note that this is more or less the same argument as the standard proof of the Banach-Steinhaus theorem. That (b) ⇒ (c) is obvious so we turn to (c) ⇒ (a). For this assume A is thin. Then we can find an increasing, countable family of non-norming sets (A n ) such that A = ∪ n A n . Since A 1 is nonnorming, we can find y * 1 with y * 1 = 1 but sup x∈A 1 |y * 1 (x)| < 2 −1 . Since A 2 is norming we pick y * 2 with y * 2 = 1 but sup x∈A2 |y * 2 (x)| < 2 −2 . We construct in this manner a sequence (y * n ) in the dual unit sphere S X * with sup x∈An |y * n (x)| < 2 −n . It remains to explain why the unbounded family (x * n ) given by x * n = 2 n · y * n is pointwise bounded on A. For this, let x be some point of A. We want to show that sup n |x * n (x)| < ∞. Find some k such that x ∈ A k and remember x ∈ A n whenever n ≥ k. There are two cases, n < k and n ≥ k. In the first case |x *
In the second case |x * n (x)| < 2 n · 2 −n = 1. (We will improve this simple technique in the proof of (g) ⇒ (a).)
Now we turn to (a)
Let Y be a Banach space and assume A is thick and T Y ⊃ A. Clearly T Y also contains the absolute convex hull of A so we may just as well assume A is absolutely convex. We have A = ∪ n (A∩n·T B Y ), a countable, increasing union of absolutely convex sets. Since A is thick, there are an m and a δ > 0 with (
, and the result follows from a classical result due to Banach. That (d) ⇒ (e) is clear, we look at (e) ⇒ (a). We do this proof the following way: We prove how to obtain a Banach space Y and an injection T : Y → X such that T B Y is closed, T Y ⊃ A but T is not onto X whenever A is thin. After this we explain how to obtain the remaining properties in (e). Assume A is thin. If A is not even norming, then take Y as the span of A ∩ B X with A ∩ B X as unit ball (the Banach disc of A ∩ B X ) and let T be the embedding of Y into X. If A is norming the idea is to find an absolutely convex, bounded, closed setÃ such that A is non-norming but has at least the same span as A. Then we use the technique from the non-norming case. We now constructÃ: Write A = ∪ n A n , an increasing, countable union of non-norming sets. Note that, since ∪ n A n = ∪ n (A n ∩ nB X ) and since (A n ∩ nB X ) is just as non-norming as A n is, we may assume each A n to sit in nB X . Put
2 )B n and denote by B the closed, absolute convex hull of B. We takeÃ as B. Closedness, absolute convexity and boundedness ofÃ is then clear, it is also clear that the span ofÃ contains the span of A so we need only prove that it is non-norming as well. We will prove thatÃ contains no set of type εB X , ε > 0. To see this, pick an m such that 1/m < ε and use the non-normingness of A m to find an x * ∈ S X * with sup x∈A m |x * (x)| < ε/2. We want to show that sup x∈Ã |x * (x)| < ε. To show this, by linearity and continuity, it is naturally enough to show that sup x∈B |x * (x)| < ε/2. Take an arbitrary x ∈ B. There are two possibilities, either x is in some (1/n 2 )B n for n ≤ m or it has to be that x sits in some (1/n 2 )B n for n > m. In the first case, remember how x * was chosen,
In the second case, remember A n ⊂ nB X and x * = 1, We next explain that (f) ⇒ (b). For this note that, since the span of A is dense, its dual is X * . Since it is barrelled (b) follows. We use (a) and (b) to get (f ). Denseness follows from (a). Barrelledness follows from (b) and the already established denseness. In both directions we used the standard result that a normed space is barrelled if and only if the uniform boundedness principle works on it.
The proof why (a) ⇒ (g) goes like this: Let A ⊂ X be thick, let (Ω, Σ, µ) be a measure space, and let a w
A j ↑, and the thickness of A implies the existence of some m ∈ N and δ > 0 such that A m ⊃ δB X . Thus it clearly suffices to show that x • f ∈ L 1 (µ) for all x ∈ A m . But this follows from a standard convexity and limit argument. (Note the importance that norm-closure goes via limits of sequences).
We now end the proof by using thinness to produce a function on the natural numbers N, with values in X * , A-scalarly integrable but still not X-scalarly integrable. Denoting f (j) = x * j the point is to obtain j |x * j (x)| < ∞ for all x ∈ A but the existence of y ∈ X such that j |x * j (y)| diverges. Pick an increasing family of non-norming sets (A j ) such that the union is A. We use thinness analogously to
Note that whenever x ∈ A, then there is some m ∈ N such that x ∈ A j for all j ≥ m, and thus
The same holds for any subseries. What misses now is to find a y ∈ X \ A together with a subseries, still denoted by same index, such that j |x * j (y)| = ∞. We now start that construction: Recall that x * j = 2 j . Thus, we can pick a sequence
j=1 y j and all its subseries converges in X. Our y will either be some x i 0 or be the sum of some subseries of ∞ j=1 y j depending on which of the following two situations that occur:
In the case 1), choose an increasing sequence of indices (ν j ) such that, for some δ > 0, one has |x * νj (x i 0 )| > δ for all j ∈ N, and put y = x i 0 . In case 2), put ν 1 = 1 and proceed as follows. Given indices
and 2
x ν i (remember this series converges), it remains to observe that, whenever j ∈ N and i > j, one has
and thus, for all j ∈ N,
This clearly shows that we may choose f (j) = x * ν j and the proof is complete. 2 
proved in [ANP] , but the result is perhaps implicit in [Fo1] . Concerning (g) ⇒ (a) an adjustment of the proof (done in [ANP] ) shows that when A is thin a scalarly A-integrable but not scalarly integrable f into X * can be found for all σ-finite measure spaces. Remark 1.3. The technique of proving (g) ⇒ (a) in Theorem 1.1 gives the following result, which seems to be of its own interest (see [ANP] ):
, and a real number δ > 0 such that
Let us look at a notion dual to thickness by calling a set in the dual space of a Banach space X w * -non-norming if its w * -closed absolutely convex hull does not contain any ball centered at the origin, and defining a set A ⊂ X * to be w 
Concerning (e) ⇒ (a) the technique that was done in the proof of Theorem 1.1 of transferring a norming thin set into a non-norming set with at least the same span works completely analogously for w * -norming w * -thin sets, but the situation when the w * -thin set A is not even w * -norming needs a comment. We may again form the Banach disc of the w * -closed absolute convex hull A * of A, but we don't know whether this becomes a dual space and the embedding is a dual operator. However, using the relatively simple observation that the Davis-Figiel-Johnson-Pe lczyński procedure performed on a w * -closed absolutely convex set results in a dual space with the embedding a dual operator (see [N3, Proposition 2.1] for a proof of this) solves the problem, and we arrive at a proof of (e) ⇒ (a).
(a) ⇒ (f) comes from an argument similar to the corresponding part of the proof of Theorem 1.1, but there is an important difference. The w * -closure is not necessarily sequential, but now the measurability of g takes over; by Pettis' measurability theorem (see e.g. [DU, Theorem 2 p. 42] ) g is essentially separable-valued. After these remarks, let us now give all the details: Let A ⊂ X * be weak * -thick, let (Ω, Σ, µ) be a measure space, and let a measurable function f : Ω → X be such that 
f) of course implies (g) and the argument that (g) ⇒ (a) is completely analogous to the corresponding part of the proof of Theorem 1.1.
The proof that (a) ⇒ (h) is easy:
A j ↑, and the weak * -thickness of A implies that there are some m ∈ N and δ > 0 such that A * m ⊃ δB X * . Thus it clearly suffices to show that, for all x * ∈ A * m , one has |x
Observing that the last inequality holds for all x * ∈ absconv(A m ), it can be easily seen to hold also for all x * ∈ A * m . For the converse, that is the implication (h) ⇒ (a), let a subset A ⊂ X * be weak * -thin. We will construct an unbounded X-valued vector measure F on the algebra F N of finite and co-finite subsets of N such that |x
We can obtain a w * -version of Lemma 1.4 by the same argument as in the proof of (g) ⇒ (a) in Theorem 1.1:
Applying Lemma 1.6 for α j = 1, j ∈ N, produces some z j ∈ X, j ∈ N, z * ∈ X * , and δ > 0 such that
|z * (xν j )| x νj in Lemma 1.6). It remains to define the vector measure F : F N → X by
The implication (c) ⇒ (i) is just a sharper version of Dunford's classical theorem (weakly holomorphic functions are strongly holomorphic) and the proof is verbatim except one uses (c) instead of the Banach-Steinhaus theorem at the end (a proof of Dunford's theorem can be found in [Y, p. 128] ). For (g) ⇒ (c) we follow [AN] : For each k, look at the segment is that V k is some tiny ellipsis containing L k with some space also at the endpoints of the segment.) Now
is a compact subset of the plane and by an application of Runge's theorem we can now find a polynomial
Define a holomorphic function g k on the open set U 1 ∪ U 2 by letting g k be some constant higher than k on U 1 and some constant lower than 2 −k on U 2 . Now apply Runge's theorem ([R1, 13.7 Theorem] ) to obtain the polynomial f k .) If (c) fails we can pick a sequence (x n ) ⊂ X which is pointwise bounded on A, but lim n x n = ∞. Let b n = sup |z|≤1 |f n (z)|. We may (by possibly passing to a subsequence) assume
We will show that f contradicts (i). To see that x * • f is holomorphic for every
Hence the series n f (z)
converges uniformly on D and so the limit
Hence f is discontinuous at 0. 2
, again mostly slight adjustments of arguments from [KF] (see also [Fo2, Proposition 1] and the sentence introducing it). That (a) ⇔ (e) is the main result of [N3] . In [ANP] we find the equivalences (a) ⇔ (f) ⇔ (g) ⇔ (h). Again, note that the equivalences (a) ⇔ (f) ⇔ (g) are more or less known from [Fo1] . That (c) ⇔ (i) is in [AN, but for separable spaces the result can be found as [Fo1, Theorem 4] .
On the contrary to Theorem 1.1, Theorem 1.5 has nothing to do with results from the theory of barrelled spaces: it does not say anything about the equicontinuity of w * -continuous linear functionals. Note that, in the theory of analytic functions (see [FHS] ), a set A satisfying condition (c) of Theorem 1.5 is called a uniform boundedness deciding set (UBDset). In [AN] the expression determines boundedness is used.
Of course no countable set can be thick or w * -thick, just by definition. Also, every set of second Baire category is thick. In some sense the interest in thickness is that one is allowed to test on sets which are smaller than second category for a lot of purposes.
For our intuition, let us take a moment to mention two examples. First, note that the sequences on the unit ball in ∞ , where the entries are 0 or 1, form a thick but nowhere dense set. This, and much more general results are concluded from the Nikodým boundedness theorem (see e.g. [DU, p. 14] ). To find a w * -thick set which is not thick, take X in X * * for any non-reflexive space X. In Section 2 we give a survey over results on w * -thick subsets of duals of Banach spaces. In Section 3 and 4 we use the general results from Section 1 to give equivalent reformulations of two longstanding problems, namely the "separable quotient problem" and a problem of strengthening Marshall's theorem on Blaschke products in the space of bounded holomorphic functions on the unit disc.
Thickness results for concrete sets.
We now make a survey of known results, but let us start with a remark that might be helpful. 2.1. w * -thickness of boundaries and extreme sets. Recall that a set J ⊂ B X * is called a James boundary if every x ∈ X attains its norm on J. As an example, the set of extreme points of the dual unit ball is always a James boundary for X. We now present a beautiful result of V. P. Fonf: Proof. We explain how the theorem can be proved with help of different papers.
(i) Note that the restriction of a James boundary to a subspace Y is a James boundary for Y .
(ii) Put J = ∪ n A n . By Simons' generalization of the Rainwater lemma [S] , there is a sequence (x n ) on S X which converges weakly to 0. By the BessagaPe lzcynski selection principle (see e.g. [D, p. 42] ) (x n ) can be assumed to be a basic sequence. Let Y = [x n ]. We look for c 0 inside Y .
